δ Gravity is a gravitational field model, where the geometry is governed by two symmetric tensors, gµν and gµν , and new matter fields (δ Matter fields) are added to the original matter fields. These new components appear motivated by a new symmetry, calledδ symmetry. In previous works, the model is used to explain the expansion of the Universe without Dark Energy and useδ Matter as a source of Dark Matter. In this paper, we will developed an initial study of Schwarzschild geometry inδ Gravity to complement the Dark Matter analysis and introduce other phenomena. We will get a modified deflection of light produced by the sun, the perihelion precession and black hole solution.
In relation to Dark Energy, many experiments are been carried out to determine its nature [1] , however its detection has been problematic. In a galactic scale, Dark Matter produces an anomalous rotation velocity where it is relatively constant far from the center of the galaxy [2] - [9] , and a lot of alternative models, where a modification to gravity is introduced, have been developed to explain this effect. For instance, a explanation based on the modification of the dynamics for small accelerations cannot be ruled out [14, 15] . On the other side, the accelerated expansion of the universe can be explained if a small cosmological constant (Λ) is present. However Λ is too small to be generated in quantum field theory (QFT) models, because Λ is the vacuum energy, which is usually predicted to be very large [16] .
In GR, the Schwarzschild metric is used to study many phenomena. For instance, we have the deflection of light by gravitational lensing, obtained with an excellent precision in GR [17] . In the same way, we have the perihelion precession used to explain the anomalous orbital trajectory of mercury. All these phenomena were really important to verify GR, so any modification of gravity must be very close to GR in the solar system scale, where these effects have been studied. On the other side, it can be used to study a Schwarzschild black hole. In a modified gravity model, we could obtain new effects in the structure of black holes.
In [18] , we presented a model of gravitation, calledδ Gravity, that is very similar to GR, but works different in a quantum level. The foundation ofδ Gravity considers two different points. The first is that GR is finite on shell at one loop in vacuum [19] , so renormalization is not necessary at this level. The second is theδ gauge theories (DGT) originally presented in [20, 21] , where the main properties are: (a) A new kind of fieldφ I is introduced, different from the original set φ I . (b) The classical equations of motion of φ I are satisfied even in the full quantum theory. (c) The model lives at one loop. (d) The action is obtained through the extension of the original gauge symmetry of the model, introducing an extra symmetry that we callδ symmetry, since it is formally obtained as the variation of the original symmetry. When we apply this prescription to GR, we obtainδ Gravity. For these reasons, the original motivation was to develop the quantum properties of this model (See [18] ). But now, we prefer to emphasize the use ofδ Gravity as an effective model of gravitation and explore its phenomenological predictions.
In other works, we presented a truncated version ofδ Gravity to explain the accelerated expansion of the universe without Dark Energy [22, 23] . Theδ symmetry was fixed in different ways in order to simplify the analysis of the model, howeverδ Matter was ignored in the process. After, in [24] , we presented aδ Gravity version, wherẽ δ symmetry andδ Matter are preserved. In that case, the accelerated expansion can be explained in the same way and additionally we have a new component of matter as Dark Matter candidate. Besides, we guaranteed that the special properties ofδ Theories previously mentioned are preserved.
Later, in [25] , the Non-Relativistic limit was studied to explain Dark Matter withδ Matter in different scales, using some realistic density profiles as Einasto and Navarro-Frenk-White (NFW) profiles. We saw thatδ Matter effect is not related to the scale, but rather to the behavior of the distribution of ordinary matter. Additionally,δ Matter produce an amplifying effect in the total mass and rotation velocity in a galaxy. So, the Dark Matter effect could be explained with a considerably less quantity of ordinary Dark Matter, explaining its extremely problematic detection. Besides, in [24] , we obtained that the non-relativisticδ Matter quantity in the present at cosmological level is 23% of the ordinary non-relativistic matter, where Dark Matter is included, implying that Dark Matter is in partδ Matter.
In this paper, we will see thatδ Gravity agrees with GR at the classical level far from the sources. In particular, the causal structure ofδ Gravity in vacuum is the same as in GR. Besides, theδ Matter is negligible to Solar Mass, but important effects appear when really massive object, as Black Holes, are taken into account. In Section 1, we will present theδ Gravity action that is invariant under extended general coordinate transformation. We will find the equations of motion of this action. We will see that the Einstein's equations continue to be valid and obtain a new equation forg µν . In these equations, two energy momentum tensors, T µν andT µν , are defined. Additionally, we will derive the equation of motion for a test particle. We will distinguish the massive case, where the equation is not a geodesic, and the massless case, where a null geodesic with an effective metric governs the evolution of the trajectory. In Section 2, we will study the Schwarzschild Case. The equations of motion of g µν andg µν will be solved in vacuum with appropriate boundary conditions. Then, we will use this solution to compute the deflection of light and analyze the perihelion precession. We have to guarantee that these results are very close to GR, unless we consider highly massive object. Finally, we will look for a connection with Dark Matter and we will introduce a black hole analysis.
Before continuing, we want to introduce a word of caution. In what follows, we want to studyδ Gravity as a classical effective model. This means to approach the problem from the phenomenological side instead of neglecting it a priori because it does not satisfy yet all the properties of a fundamental quantum theory. In a cosmological level, the observations indicate that a phantom component is compatible with most classical tests of cosmology based on current data [26] [27] [28] [29] [30] [31] . The nature of the Dark Sector is such an important and difficult cosmological problem that cosmologists do not expect to find a fundamental solution of it in one stroke and are open to explore new possibilities. Now, the phantom problem is being studied in this moment and the results will be presented in a future work.
Additionally, it should be remarked thatδ Gravity is not a metric model of gravity because massive particles do not move on geodesics. Only massless particles move on null geodesics of a linear combination of both tensor fields. Additionally, it is important to notice that we will work with theδ modification for GR, based on the Einstein-Hilbert theory. From now on, we will refer to this model asδ Gravity.
1δ Gravity.
Using the prescription given in Appendix A, we will present the action ofδ Gravity and then we will derive the equations of motion. Additionally, we will study the test particle action separately for massive and massless particles. We will see the geometry inδ Gravity produces different effects in both cases.
Equations of Motion:
To obtain the action ofδ Gravity, we will consider the Einstein-Hilbert Action:
where
is the lagrangian of the matter fields φ I . Using (91) from Appendix A, this action becomes:
where κ = 8πG c 2 ,g µν =δg µν and:
whereφ I =δφ I are theδ Matter fields. These matter components are the fundamental difference with [23] . From this action, we can see that the Einstein's equations are preserved and an additional equation forg µν is obtained. So, the equations of motion are:
with:
where (µν) denotes that µ and ν are in a totally symmetric combination. An important fact to notice is that our equations are of second order in derivatives which is needed to preserve causality. Finally, from Appendix A, we have that the action (2) is invariant under (89) and (90). This means that two conservation rules are satisfied. They are:
In conclusion, we have that the original equation in the Einstein-Hilbert Action, given by (5) and (8) , are preserved. This is one of the principal properties ofδ Theories. Additionally, we have two new equations, (6) and (9) , to obtain the solution ofg µν andδ Matter respectively. These components will produce new contributions to some phenomena, usually taken into account in (5) and (8) in GR. For example, in [24] , a universe without a cosmological constant is considered, so the accelerated expansion of the universe is produced by the additional effect ofδ components. In this paper, we will introduce the Schwarzschild solution to study any modification produced by ifδ Gravity. Now, to complete our theoretical framework, we will show how our two gravitational components, g µν andg µν , interact with a test particle.
Test Particle:
To understand how the new fields affect the trajectory of a particle, we need to study the Test Particle Action. However, it must be analyzed separately for massive and massless particles. The first discussion of this issue inδ Gravity is in [22] .
Massive Particles:
In GR, the action for a test particle is given by:
This action is invariant under reparametrizations, t = t − (t). In the infinitesimal form is:
Inδ Gravity, the action is always modified using (91) from Appendix A. So, applying it to (10), the new test particle action is:
where we have defined y µ =δx µ and we used that g µν = g µν (x), soδg µν =g µν + g µν,ρ y ρ . Naturally, this action is invariant under reparametrization transformations, given by (11), plusδ reparametrization transformations:
just like it is shown in (80). The presence of y µ suggests additional coordinates, but our model just live in four dimensions, given by x µ . Actually, y µ can be gauged away using the extra symmetry corresponding to˜ in equation (13) , imposing the gauge condition 2g µνẏ µẋν + g µν,ρ y ρẋµẋν = 0. However, the extended general coordinate transformations as well as the usual reparametrizations, given by (11) , are still preserved. Then, (12) can be reduced to:
Notice that the test particle action in Minkowski space is recovered if we used the boundary conditions, given by g µν ∼ η µν andg µν ∼ 0, to be equal to GR. So, this action for a test particle in a gravitational field will be considered as the starting point for the physical interpretation of the geometry inδ Gravity. Now, the trajectory of massive test particles is given by the equation of motion of x µ . This equation say us that g µνẋ µẋν = cte, just like GR. Now, if we choose t equal to the proper time, then g µνẋ µẋν = −1 and the equation of motion is reduced in this case to:ĝ
This equation of motion is independent of the mass of the particle, so all particles will fall with the same acceleration. On the other side, the equation (15) is a second order equation, but it is not a classical geodesic, because we have additional terms and an effective metric can not be defined.
Massless Particles:
We saw that the free trajectory for a massive particle is an anomalous geodesic given by (15) . However, this equation is useless for massless particles, because (10) is null when m = 0. To solve this problem, it is a common practice to start from the action [32] :
where v is an auxiliary field, which transforms under reparametrizations as:
From (16), we can obtain the equation of motion for v:
We see from (1.2.2) that the gauge v = constant can be fixed, so in GR the proper time −g µνẋ µẋν remains constant along the path. Now, if we substitute (18) in (16), we recover (10). This means (16) is equivalent to (10), but additionally includes the massless case.
In our case, a suitable action, similar to (16) , is:
In fact, inδ Gravity the equation of v is still (18) . Thus, we can fix the gauge v = constant, to remain constant the quantity −g µνẋ µẋν along the path, just like GR. This is the reason why we can choose t as the proper time inδ Gravity too. Additionally, if we replace in (19) , we obtain the massive test particle action given by (14) . But now, we can study the massless case.
If we evaluate m = 0 in (16) and (19), we can compare GR andδ Gravity respectively. They are:
with g µν = g µν +g µν . In both cases, the equation of motion for v implies that a massless particle move in a null-geodesic. In the usual case we have g µνẋ µẋν = 0. However, in our model the null-geodesic is given by g µνẋ µẋν = 0, so the trajectory obey a geometry defined by an specifical combination of g µν andg µν , g µν = g µν +g µν . The equation of motion for the path of a test massless particle is given by:
It is important to observe that the proper time must be defined in terms of massive particles. The equation of motion for massive particles satisfies the important property of preserving the form of the proper time in a particle in free fall. Notice that in our case the quantity that is constant using the equation of motion for massive particles, derived from (15) , is g µνẋ µẋν = −1. This single out this definition of proper time and not other. So, we must define proper time using the original metric g µν . That is:
From here, we can see that g 00 < 0. On the other side, if we consider the motion of light rays along infinitesimally near trajectories, from (22) and (23) we get the three-dimensional metric (See [22, 33] ):
To guarantee that (24) is definite positive, we need: 
Therefore, we measure proper time using the metric g µν , but the space geometry is determined by both tensor fields, g µν andg µν . In the next section, we will study the Schwarzschild Case to apply it in gravitational lensing, perihelion precession and briefly to black holes.
Schwarzschild Case.
The initial foundation ofδ Gravity consist in obtaining a quantum gravity model [18] . Then, we developed a classical analysis in a cosmological level. In first place, the accelerated expansion of the universe was explained without a cosmological constant [22]- [24] andδ Matter was studied to explain the Dark Matter phenomenon [25] . In this paper, we will developδ Gravity in a Schwarzschild geometry to study the principal phenomena used to test GR, the deflection of light by gravitational lensing and the perihelion precession. So, in this case:
Forg µν , we can use a similar expression:
Before to solve g µν andg µν , using the equations presented in Section 1, we need to fix the gauge and the correct boundary conditions.
Schwarzschild Harmonic Gauge:
We know that the Einstein's equations do not fix all degrees of freedom of g µν . This means that, if g µν is solution, then exist other solution g µν given by a general coordinate transformation x → x . We can eliminate these degrees of freedom by adopting some particular coordinate system, fixing the gauge.One particularly convenient gauge is given by the extended harmonic coordinate conditions. It must be extended because we need to consider theg µν 's components. Then, the gauge fixing is given by (For more details, see [24] ):
To satisfy (28) and (29), we will use the coordinate transformation:
on (26) and (27) , where µ = GM . In this coordinate system, we have:
where r = µ+ X 2 1 + X 2 2 + X 2 3 . This system is not convenient to work, so we will fix the gauge in the harmonic coordinate and then we will return to the standard coordinate system, given by (26) and (27) . Now, (30) satisfy (28) automatically, but (29) say us that (31) needs an additional condition. We will see it below.
Schwarzschild solution:
The correct boundary conditions, that give us the correct Minkowski limit, are g µν → η µν andg µν → 0 for r → ∞ 1 . Now, we can solve the equations of motion for the Schwarzschild metric. To simplify the problem, we will solve the equations in empty space, this means the region whereT µν = T µν = 0. The solutions of our equations of motion (5) and (6) are:
and survive the equation:
where = d dr . (32) and (33) is the well-known Schwarzschild solution to Einstein equations, where we imposed A(∞) = B(∞) = 1, to obtain g µν → η µν , when r → ∞. As we said in Section 2.1, we need to fix the gauge for g µν to obtain an additional equation ofÃ(r) andF (r). This equation comes from (29) , so:
Therefore, the general solution of (35) and (36) is given by:
whereÃ 1 ,Ã 2 andÃ 3 are integration constants. By the boundary conditions, we have to impose the conditions A(∞) =B(∞) =F (∞) = 0 to obtaing µν → 0, when r → ∞. These conditions just means thatÃ 2 = 0 and F 1 = 0. Then, the solutions are (Ã 1 = −2a 0 andÃ 3 = −a 1 ):
So, we have three parameters: µ comes from the ordinary metric components and represent the mass of a massive object (planets, stars, black holes, etc). Finally, we have a 0 and a 1 . These parameters are adimensional and represent the correction byδ Gravity. Later, we will understand the physical meaning of these parameters. Now, we must remember that (32) , (33 and (39-41) correspond to the solution in the region without matter. This means that r > R, where R is the radius of a star for example. Generally, the Newtonian approximation can be used, so that R 2µ. However the logarithmic solution could be important in black holes, where the Newtonian approximation is not valid. So, considering the leading order in µ r , the solution is reduced to:
Notice that a 1 disappears in (42-46). This means that this parameter is only important in a Post-Newtonian approximation. We will use these expressions in the next section to describe the Gravitational Lensing effect.
Gravitational Lensing:
To describe this phenomenon, we need the null geodesic, in our case, given by (22) . To solve these equations, we will consider a coordinate system where θ = π 2 such that the trajectory is given by Figure 1 (See for instance [34] ).
The geodesic equations are complicated, but with some work, we may reduce it to:
where u is the trajectory parameter such that x µ = x µ (u) and E and J are constants of motion. From (47), we can see that t → Eu when r → ∞. From (48), we can define a effective potential given by:
such that: Using (32-34) and (39-41), we can see that V ef f (∞) = 0 and v r (∞) = 1. To obtain a plot of V ef f (r), we need to fix a 0 and a 1 .
Finally, from Figure 1 , we know that φ(r) is necessary to study the gravitational lensing. For this, we use (48) and (49) to obtain: 
where y = r r0 ≥ 1 is a normalized radius with r 0 the minimal radius, given by dr du | r=r0 = 0. So:
.
Then, the deflection of light can be obtained solving (52). However, the approximation r 0 >> 2µ is usually used to obtain a explicit result of ∆φ when the matter source is not dense enough. So, with this approximation, we obtain:
where = 2µ r0 . We notice that (53) to first order on is exact in GR, but inδ Gravity we have higher orders terms. Now, to obtain the deflection of light, we develop (53) such that:
We want to describe a complete trajectory, so the photon start from φ(y = ∞) up to φ(y = 1) and then back again to φ(y = ∞) (See Figure 1) . Besides, if the trajectory were a straight line, this would equal just π. All of this means that the deflection of light is:
From GR, ∆φ = 4µ r0 . So, in our modified gravity, we have an additional term given by 4µa0 r0 . On the other side, we have an experimental value ∆φ Exp = 1.761 ± 0.016 for the sun [17] and it is very close to the prediction of GR. This means that, to satisfy the experimental value withδ Gravity, it is necessary that our additional term provide a very small correction, such that:
From (55), we can see that a 0 represents an additional mass byδ Matter given by M add = a 0 M , where M is the solar mass. So, the result of (56) tells us thatδ Matter must be less than 1% close to the Sun. In [35] was estimated observationally that the Dark Matter mass in the sphere within Saturns orbit should be less than 1.7 × 10 −10 %. On the other side, we expect thatδ Matter will be more important in a galactic scale. Then, Dark Matter could be explained withδ Matter. An analysis developed in this way is presented in [25] .
Perihelion Precession:
In the last section, we used the null geodesic to compute the deflection of light. However, if we want to study the trajectory of a massive object, we need (15) . These equations, for θ = π 2 , are given by (See for instance [34] ):
where dt du obey a fifth order equation:
. (59) These equations are very difficult to solve, but in the approximation r 0 >> 2µ with r 0 the minimal radius, we have: 
where y = 
From (61-62), we obtain:
However, it is useful to rewrite (63) using:
That is:
where:
withē the orbital eccentricity. In GR, (64) is exact to first order on ε and the cubic term in λ(φ) explain the mercury's perihelion precession. Inδ Gravity we have high order corrections too, but they are practically suppressed when r 0 >> 2µ. Besides, (66) can be interpreted as an energy redefinition, such that the new energy is given byẼ
(1+a0(2j 2 +1)) , but this modification must be small to satisfy (56), so the orbital movements are equal to GR. On the other side, other corrections appear when r 0 is smaller, close to 2µ. In that case, we must use the exact equations, given by (57-59), but they are very complicated. However, we can try to solve them in a particular radius, for example r 0 where dr du = 0. In that case, (57) and (59) can be reduced to:
where j = respectively. So, by iteration, we can reduce the order of these equation, such as:
and the minimum radius can be obtained numerically from:
where we have to use the exact solution of A(r 0 ), B(r 0 ),Ã(r 0 ),B(r 0 ) andF (r 0 ) in Section 2.2. In the process, we imposed that (67) and (68) possess one pole in common for Σ(r 0 ). r 0 is an important element to understand the orbital trajectories, but we need to fix a 0 and a 1 to solve it. On the other side, we can verify that in the limit where Ã (r 0 ),B(r 0 ),F (r 0 ) → 0, our results are reduced to GR. That is:
In conclusion, in the last two sections we saw thatδ Gravity give us important corrections to orbital trajectories, but they do not produce big differences with GR when the trajectory is far away from the Schwarzschild radius, r s = 2µ, on the condition that a 0 is small enough (See equation (56)). This is always true for stars, planets and any low-density object. We saw that a 0 represents theδ Matter contribution, however the physical meaning of a 1 is unknown yet. To solve this, the study of massive object is necessary. To finish, in the next section, we will introduce the analysis of Black Holes to complete the Schwarzschild case.
Black Holes:
In Section 1.2, we saw that the proper time is defined using the metric g µν , such as GR where g µνẋ µẋν = −1. Then, the proper time is given by (23) . On the other side, the null geodesic of massless particles say us the the space geometry is determined by both tensor fields, g µν andg µν . This means that the three-dimensional metric is given by (24) . Then, for a Schwarzschild geometry, it is reduced to:
Now, if we apply the conditions (25) plus g 00 < 0 to (72), we obtain:
We can see that these rules are automatically satisfied when r 2µ, so we must consider extreme cases to prove these conditions. In GR, they are reduced to A(r) > 0 and B(r) > 0, then r > 2µ. This means that these rules define the black hole horizon, r H = 2µ. Therefore, (73) defines a modified horizon toδ Gravity, but we need to fix a 0 and a 1 first.
Motivated by the result in Section 2.3, we know that a 0 is related toδ Matter, so a 0 > 0 and probably bigger than (56) to consider a higher quantity ofδ Matter (Dark Matter). Just as an example, we can choose some combination:
• If a 0 = 1 and a 1 = 1, we have r H = 3.37µ.
• If a 0 = 1 and a 1 = −1, we have r H = 3.46µ.
In both cases, the horizon radius is given by f A (r H ) = 0. For example, if |a 1 | 1 and a 0 ∼ 1, then the horizon is given by f B (r) (a 1 > 0) or f F (r) (a 1 < 0). In any case, we will obtain a horizon radius ≥ r H = 2µ.
In GR, the event horizon radius is defined when g rr component of the metric is null. In fact, when we include Electric Charge and/or Angular Momentum in a black hole, a inner and outer event horizon are produced and, additionally, an ergosphere appears, given by g tt = 0, defining different regions around the black hole. Inδ Gravity, we saw that the three-dimensional metric gives us the event horizon radiuses and, in the same way than GR, different regions are produced, but Electric Charge or Angular Momentum are not necessary. In a Schwarzschild black hole, these regions are produced whenever the conditions in (73) are violated. Now, the nature of these regions will depend of the value of a 0 and a 1 . Finally, the minimum radius of the orbital trajectory of a massive particle is given by (71). All These will developed in a future work.
In conclusion, we have that the effects ofδ Gravity are represented by a 0 and a 1 . a 0 has a clear physical meaning, it represents the quantity ofδ Matter and could be considered as Dark Matter [25] . On the other side, the meaning of a 1 is more difficult to define. This parameter only appears when we consider a highly massive object, as black holes, defining different kind of regions around of this object. In that sense, it could redefine the concept of black holes. For that reason, black holes inδ Gravity must be studied in more detail.
Conclusions.
A modified model of gravity calledδ Gravity is presented, where a new gravitational field,g µν , is introduced. Additionally, a new kind of matter fields are included, calledδ Matter fields. All these new fields exhibit a new symmetry: theδ symmetry, such as the new action is invariant under these transformations. The quantum analysis was developed in [18] .
In previous works, we have studied, in a classical level, the cosmological case inδ Gravity. We know that the Einstein's equation are preserved and obtain additional equations to solveδ component. Besides, we have that the free trajectory of a massive particle is given by an anomalous geodesic presented in (15) and massless particles move in a effective null geodesic given by g µν = g µν +g µν . With all these, we explained the accelerated expansion of the universe without a cosmological constant [22]- [24] .
Additionally, in [25] , the Non-Relativistic limit was studied. We found thatδ Matter is related to ordinary matter and it is used to explain Dark Matter in different scales. We obtained that theδ Matter effect is only important when the distribution of ordinary matter is strongly dynamic, so the scale is not so important. Additionally,δ Matter produce an amplifying effect in the total mass and rotation velocity in a galaxy. Besides, it has a special behavior, more similar to Dark Matter compared with its equivalent ordinary component. In [24] is computed theδ Matter quantity in the present at cosmological level. We obtained that theδ non-relativistic Matter is 23% the ordinary non-relativistic matter, where Dark Matter is included, implying that Dark Matter is in partδ Matter.
In this paper, we analyzed the Schwarzschild case outside matter. We found an exact solution for the equations of motion. We used the Newtonian approximation in these solutions to find the deflection of light by the Sun. To explain the experimental data, the correction must be small, such thatδ Matter is < 1% of the total mass at a solar system scale. Then the modification ofδ Gravity must not be important at a solar system scale, such as it is presented in [25] . Then, we study the perihelion precession. The exact solution is very complicated, because a fifth order equation must be solved. However, even in the Newtonian approximation, we can see interesting, but really small, corrections. Basically,δ Gravity does not have important corrections to GR for low-density object like stars or planets. This means that we need to study high-density objects like black holes to observe important effects bỹ δ Gravity. To have an idea how the trajectory of a massive particle is affected by massive objects, we solved the equations in the minimum radius.
Finally, we presented an introduction to Black Holes, where some conditions to guarantee that the threedimensional metric is definite positive are studied. We know that GR defines the event horizon radius where g rr = 0, and a inner and outer event horizon radiuses when Electric Charge and/or Angular Momentum are included. Besides, g tt = 0 give us an ergosphere, so different regions around the black hole can be defined. On the other side, inδ Gravity, the three-dimensional metric gives us the event horizon radiuses and, in the same way than GR, different regions are produced whenever the conditions in (73) are violated, even in a Schwarzschild black hole. We understood that a 0 gives us the quantity ofδ Matter (Dark Matter), but the meaning of a 1 is more difficult to define. In any case, it is only relevant to highly massive object, so it is important to define these regions. Therefore, we need to study black holes in more detail inδ Gravity. It will be developed in a future work.
At this moment, in different works, we have developed some phenomena (Expansion of the Universe, Dark Matter, the Deflection of Light, etc) and we introduced a preliminary discussion of others (Black Holes and Inflation). Further tests of the model must include the computation of the CMB power spectrum, the evolution and formation of large-scale structure in the universe and a more detailed analysis of Dark Matter. These works are in progress now. 
These new transformations are the basis ofδ Theories. Particulary, in gravitation we have a model with two fields. The first one is just the usual gravitational field g µν and the second one isg µν . Then, we will have two gauge transformations associated to general coordinate transformation. We will call it extended general coordinate transformation, given by:δ g µν = ξ 0µ;ν + ξ 0ν;µ (89) δg µν (x) = ξ 1µ;ν + ξ 1ν;µ +g µρ ξ 
where we used (87) and (88). Now, we can introduce theδ Theories.
Modified Action:
In the last section, the extended general coordinate transformations were defined. So, we can look for an invariant action. We start by considering a model which is based on a given action S 0 [φ I ] where φ I are generic fields, then we add to it a piece which is equal to aδ variation with respect to the fields and we letδφ J =φ J , so that we have:
the index I can represent any kinds of indices. (91) give us the basic structure to define any modified element for δ type theories. In fact, this action is invariant under our extended general coordinate transformations developed previously. For this, see [36] .
A first important property of this action is that the classical equations of the original fields are preserved. We can see this when (91) is varied with respect toφ I : δS 0 δφ I (x)
[φ] = 0.
Obviously, we have new equations when varied with respect to φ I . These equations determineφ I and they can be reduced to:
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